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Pseudopotential band calculations along a symmetry axis:
spin—orbit interaction

D Agassi and J B Restorff
Naval Surface Warfare Center, Silver Spring, MD 20903-5000, USA

Received 26 January 1994

Abstract. A convergent method for local psendopotential band structure calculations, based on
a cylindrical coordinate multipole expansion, is generalized to include the spin—orbit interaction.
The generalization is necessary for systems that are highly anisotropic and where the spin—
orbit interaction is essential, e.g,, narrow-gap semiconductor superlattices. The coupled wave
equations for the corresponding multipoles are derived and applied to a test case: the low bands
of PbSe along the {111] direction. The calcvlated bands compare well with the PbSe band
structure.

1. Introduction

In a previous paper [1] (hereafter referred to as I) we infroduce a method for local
pseudopotential band structure calculations along a symmetry axis. The method consists of
expanding the wavefunction and pseudopotential in cylindrical coordinate multipoles, where
the cylindrical coordinate system is chosen such that its z-axis coincides with the symmetry
axis., Comespondingly, the three-dimensional Schrddinger equation is transcribed into a
coupled set of one-dimensional wave equations for the multipoles. The method is expected
to be advantageous for anisotropic systems such as epitaxial semiconductor superlattices
and interfaces, where a particular direction in space is of special significance. The good
convergence properties of the method are demonstrated in I for a test case. The objectives
of this paper are to generalize the above method to include the spin—orbit (S0) interaction,
and demonstrate its implementation for a simple test case. This generalization is necessary
in situations where the 50 interaction plays an essential role and the structure is anisotropic.
A case in point is the technologically important layered structure of heavy-element narrow-
gap semiconductors of the H-VI, IV-VI [2] and OI-V systems. Since the SO splitting and
band gap are comparable for these semiconductors {3], it is necessary to include the sO
interaction for a realistic description of the small band gap. Other possible applications
are magnetic layered structures [4] where the SO and other spin interactions constituie an
essential part of the physics, and g-factor calculations [5] for which the $G interaction and
spin degrees of freedom are indispensable. It should be emphasized that although the non-
scalar SO interaction in these examples is essential for some aspects of the calculation, it is in
general too weak to substantially ‘renormalize’ the central pseudopotential. Consequently,
the effects considered here consist of 50 admixtures of the central potential bands.

At the core of the method is a cylindrical multipole expansion of lattice periodic
functions. As an example consider a spinless band wavefunctions W(r"), where the crystal’s
momentum k points along the symmetry axis direction, The corresponding cylindrical
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4674 D Agassi and J B Restorff

muitipole expansion is [1]

=73 Y Wiier 2)Ji(geodet. (L1

gr I=—0o

In (I.1) and hereafter primed variables refer to the cylindrical coordinate system chosen
such that its z-axis {z') coincides with the symmetry axis. The gr index runs over a lattice-
specific non-negative series (see fable 1 for an FCC lattice), Ji(x) is the Bessel function
of order [ [6] and (p, ¢, 2’} are the standard cylindrical coordinates. Good convergence
of {1.1) implies that a small number of distinct multipoles ¥;{gp, z") suffices for a good
description of the (') functions corresponding to low bands.

Table 1. The lowest g-values and $y{g) angle (3.1) for the PbSe (Fcc) lattice in the [111]
direction [1] and g = f/a (A).

g{PbSe)* Dalg)

7 (AN ©)

0 0 0
102606 = 2r f§ 16754 0
177714 = 27+/3 2.9018 30
205207 =20 /2 33507 0
27.1465 44326 19.1066
30,7813 5.0261 0
355430 5.8036 30
36,9944 6.0406 13.8979

2 We used a(PbSe, T = 300 K) = 6.1243 A.

The convergence of (1.1) hinges on two general properties, which severely limits the
number of contributing ! and ge indices. The l-sequence is controlled by the symmetry
of the z'-axis. For example, group theoretic considerations imply that for an FCC lattice
and £'{|[111] only rwe [ values need be considered. All other multipoles are phase related
to those two multipoles [1]. As a consequence, expansion (1.1) is in effect an expansion
in gr. The gr expansion, in turn, is controlled by an energy-geometry consideration. To
elaborate on this, note that the transverse behaviour of W (r') is controlied by the oscillations
of Ji(ggp), with a period g5' [6]. Therefore, for ‘low’ bands, the important terms in (1.1)
involve the lowest ge-valucs up to a ‘small’ cut-off value g.. For the [111] direction
in particular, the latter has been estimated in I to satisfy (I, + %) /g. = 0.5ar where
I, is a ‘typical’ [-value and a7 is approximately the lattice constant in the fransverse
direction. Thus both the ! and the g variations in expansion (1.1) are severely restricted,
hence the good convergence. Note that the above considerations are valid regardless of the
extension of the unit cell in the %' direction. Thus expansion {1.1) is expected to become
advantageous for structures where the unit cell extension in the z’-direction is large, such as
in superlattices. Another important feature of the method is the simplicity of the coupled set
of wave equations for the multipoles. The pertaining coupling potentials are derived from the
underlying three-dimensional local pseudopotential by means of geometrical coefficients—
the ‘A-coefficients’ [1] (see section 4). These coefficients control the transverse reciprocal
lattice momentum addition,

With the 50 interaction included, the above features hold true though the details change
considerably. The main complication is that the spin wave function is comprised of two
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components, pertaining to the two possible spin projections. Consequently two multipole
expansions such as (1.1) need to be considered simultaneously and the total number of
relevant multipoles roughly doubles. Correspondingly, the coupled set of wave equations
for the multipoles (4.2), includes new spin terms.

To demonstrate the implementation of the method we consider the band structure of
PbSe along the [111] direction. This narrow-gap semiconductor without SO has been
studied in I, and a convergent multipole basis set has been established. The present PbSe
calculation shows that given a correct description of the central potential bandstructure, the
spin-generalized multipole wave equation (4.2) yields the correct bands. The analysis also
demonstrates how group theoretic considerations determine the 50 admixtures and the effect
of band gap reduction by the SO interaction.

The paper is organized as follows. In section 2 we introduce the multipole expansion
in the presence of spin and in section 3 we discuss symmetry properties pertaining to the
cylindrical multipole expansion. The derivation of the wave equations for the multipoles is
outlined in section 4. The last section contains the results of PbSe band structure calculations
along the I'-L direction and a brief discussion. The technical details omitted here are given
elsewhere 7).

2. Cylindrical coordinate multipole expansions

The spinor Bloch function in the unprimed coordinates (¥, (s)) has the form

(+)
(W) = T Unp(r) = Y *UD ) (x(0)) = (g'z’i) (T)) @.1)
nk

o=21 (r)

where hereafter parentheses (...} denote a spinor, and U,f',:)('r) is a lattice periodic function
[8]. To obtain the multipole expansion of (2.1) it is first transformed to the primed
coordinates using [9]

R[® () (0] = [ROIIR()] (2.2)

where B is the rotation operator, and &(r) and (x) are an arbitrary function and spinor,
respectively. The spinor factor [R(x)] transforms according to the D'/*(a, 8,y) two-
dimensional matrix [9, 10], where «, 8, and y are the Euler angles, and the radial factor
[R‘I—'(r)] = ll'(f%“r’) has been discussed in I. Limiting ourselves, as in I, to crystal
momenta k' such that k-r = k' - #" = &'z, the wavefunction in the primed coordinates is

(Wi (r)) = %% Y UL @) 0) (2.3)

==l
where the [111]-projected crystal momentum &’ is
k' = K3n/a* a* =av3 <K<l (2.4)

The wavefunction spinor (2.3) entails two lattice periodic functions. Consequently, the
steps in section 2 of [ yield the multipole expansion

WD =3 D > Y7 (er ) digre)e™ (1) (2.5a)

a=*tl gF l=-co
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where the spin multipoles are given by

‘1‘;(“)(31:, =i Z WO (L)eiK +HL)7 gmilé(Ly) (2.5b)
L|Lyl=gr

L’ denotes a reciprocal lattice vector, L7 its transverse component (normal to z'), W(L') are
the Fourier coefficients of W ("} and the shift phase 8(L7) is defined in 1. The summation
in (2.5b) is over all L' such that [Ly| = g.

We turn now to the $0 interaction. The standard ‘atomic’ form is ¢ (r)(eor- 1) [11], where
o = (oy, 0y, o) is the Pauli matrix vector and ! = —ir x V. For a lattice periodic array
of ions at r; the SO interaction takes the form

(Vso(r)) = Z G(r = 1)@ - brery) = —io + (F(r) X V) (2.6)

where the lattice periodic SO vector form factor f(r) is

FY =) Glr—rbr—r)=Y_ f(G)°". @7
i G

When expressed in this form, the transformation of (2.6) to the primed coordinates
is straightforward since all factors on the LHS of (2.6) are invariant under rotation.
Consequently (2.6) and (2.7) are valid in the primed coordinates provided that all factors
are replaced by their primed counterparts. The form of the RHS of (2.6} is mathematicaily
convenient to apply on products of the form exp(iG”’ - r")(x'(¢)) that enter the calculation.

Since the vector form factor defined in (2.7) is lattice periodic, it has its own multipole
expansion: )

FoY=3" 3" filgq ) hgar)e™

go I=—os —— o
Flga. ¥ =i 3 GGG,
GhiGrl=¢q

The multipoles fi{gq. z') of (2.8) (of dimensionality [E*]) are the SO counterparts of the
central pseudopotential multipoles.

3. Symmetry properties

As alluded to in section 1, not all /-values in the multipole expansion, e.g., (1.1}, (2.5),
are allowed, and not all allowed multipoles are independent {1]. These constraints and
relations, which are part and parcel of the basic wave equation (see sections 4 and 5), are
discussed here. They are dictated by the symmetry group of the vector k (under which the
Hamiltonian is invariant). In the presence of the 50 interaction and for the particular [111]
direction these are the double groups C_%“j,) and D_%) for the A and L points, respectively

[9, 10]. The corresponding allowed I-sequences for the multipoles are given in tables 2 and
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Table 2. The A-point allowed I-sequences. The corresponding representations of the double
group C3v are denoted in the notation of [10]. The upper and lower /-sequences in each
spinor correspond to the ¢ = +1 and ¢ = -1 components, respectively. For one-
dimensional representations, Lf(z") and Vi(z") are the z-dependent factors in the {-expansion
of the two components of the basis spinor [7, 9] (analogous to (2.1)). For the two-dimensional
representations, Wi{z') and X;(z") correspond to U(z’) and V;{(z"), respectively, of the second
basis spinor.

Irreducible representation L-values® {-parity & ®
— —1yim 0 i
Ay ll)—(3m+ ) =D (-—i 0
- e[ O
As m=(mzl) e (8 5)
( 3m ) 000 i
3m+ 1 w0 0 1 0
As oy = (3 b (0 10 o)
3m 1000
m=0,k1, %2, £3,., .
U_iig. 2 Ui(z.2)
h(v-f(g,z'))zﬁl(u;(g )) o | V1D | _s | Wle )
Vor(g, ) Vilg, 2) W_i(z,2) Wi(g.2')
X_ g, 2h Xilg. 2

3 for the A and L points, respectively. Note that the /-sequences for ‘up’ and ‘down’ spin
components are different, even though all entail 3 increments.
As in I, the central potential multipoles v (gp, z') satisfy the I-periodicity relation [1}:

viz6(gp, 7)) = —e=H P ER)y (g 7) for sin[6®Po(gp)] =0 (3.1)

and Pg(g) is given in table 1 [1]. When sin[6®g(g)] 7 0, the corresponding /-periodicity
relationship is more complex; however, for the test case in section 5, (3.1) suffices. As
for the 5o vector form factor F(v"), (2.7), it can be shown [11] that f(r") = V'V (r)
where V(r') denoies a central potential with a multipole expansion of the form (I.1)
where | = 0, &3, &6, . ... Consequently, by expressing the gradient operator in cylindrical
coordinates and employing properties of the Bessel function [6), the following phase
relations among the f(r) = (F&?, £, f@©) components are obtained:

fs(lel(gQ’Z') == 1m 1(3Q ) =1 g:-)l-l(gQ!Zf)
f’i(;}r.:-)i-l(gQ’z,) = ﬁail(gQ’z,) =i ’%m—l(gQ'z) (3.2)

F&eq, ) #£0  form=0,%1,%2,....

According to table 3 in I the /-sequence in (3.2) implies that { f,(x’)(z'), f,(y ) (z") and f,(z’)(z’)
transform as the L3 and L; representations of Djq, respectively.

Comparing the irreducible representations’ allowed {-sequences with and without spin,
i.e., tables 2 and 3 with tables 2 and 3 in I, readily reveals which zerc-spin bands are
admixed by the SO interaction, i.e., the compatibility relations [9]. Consider first the case of
a A-point, i.e. compare table 2 with table 2 in I. By matching the {-sequences it follows that
the spinless A, Ay and A representations are admixed to yield the Ag spin representation.
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Table 3. The L-point allowed !-sequences. The corresponding representations of the double
group ngd) are denoted in the notation of [10]. The symbols are explained in the caption of

table 2.
Irreducible representation  f-values® ) [-parity #;° z-parity #,¢
3 — 1 0 -i 10
+ _ k] RS
Ly '””(3m+1) =N (i o) (=b (0 1)
+ _ Im-1 o 1y3m 0 - i I 0
Ls [1)_(3m+l) Lt R R P
- _{im—1 m {0 =i AN
Ly ll)‘(sm“) ("”m(i o) —=b (0 1)
- _ 3m -1 EVAREYL 0 -i ARTY 1 0
Ls “"(3»;4-:) =1 (i 0) =1y (o 1)
|1}—(3m gg?tl) SR
. “lam+1 iy Cam{0 =1 0 0
Ls 2y (3 CD*ie 1 oo g 4 C o
=1 sm 100 0 0 0 0 1
(. 0001 10 0 0y
. “lam+1 [0 0 10} uafo =1 0 0
6 2y = (31 0100 0 0 -1 0
=\ 3m \l 0 0 o 00 0 I
2 =0,%1,42, ... N

b see table 2 for the definition of 7.

Ui(g, -2 thig. 2

¢ (U:(s.-f)) P (U:(g- Z’)) or | Vi&=2) | _ 5 | Vile2)
Vilg, =z T\ Vilg. 2) Wig,-zh } ~ T Wig Y |

Xilg, =20 Xi(g. )

By the same token, the spin representations Ag, As result from lifting the degeneracy of
the zero-spin Aj representation. A similar comparison at the L-point between table 3 and
table 3 in I implies that the 50 interaction admixes the L;, L, and L3 representations (and
the negative z-parity representations L/, L} and L}) to form the spin representation L§
(and Lg). Likewise, the Lj{s spin representations (and L; ) are obtained by lifting the
degeneracies in the Lz (and L%} zero-spin representation.

4. The multipole wavefunction

To derive the multipole wave equation we start from the Schridinger equation in the primed
coordinates [7]:

=V + Q@mo /R En(k) = 2mo/B)u(r') — (2mo /M) (Vao(r NI(War(r') =0 (4.1)

where v(r') is the central potential, (Vso(r)) is the non-scalar SO interaction (2.6) and mg
is the effective mass, chosen here [1] as the free electron mass. Inserting wavefunction
and potential multipole expansions (2.5), {2.6), (2.8), and (2.7) of I, into (4.1}, projecting
on_e*, factoring out the Bessel functions, expressing the products ‘v(r)¥(r)’ and
‘Vao(r)W(r)) in terms of the multipoles and projecting on the two spin states x'(c)
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yields the multipole wave equation [7]:

I dz \p(l) .z 3
[ﬁ8§+ v S E, (k) + ]( 'n((i, )f)) + 33" Aum(go. gor 27

gr8rm=—2

_%(vmcgp.z') 0 )(W‘” (8 z’))
X 0 um(gp, 2 ) \ 0P (g, 2

— 3”2( 0 ,f,“’(gp.z’)) ( a5 Vil (.2 ’))
r2 \ =g, 2) 0 < q:,:”(gF, "

_2mogr (£ (gp.2) 0 W 1(8r 2)
722 \-2fPe,2) —£5Mer ) ]\ WD (e, 2

2my g fr}l+) (gp,2) _gféz’l(gp z’)) (lp!—m+l(gF1 Z ))
- == ’ ’ =0 {4.2a
2 2 ( 0 e )\, e 2) (4.20)

where

FB(gp, 2y = £ e, 2) =iF (e 2). (4.26)

The symbols in (4.2) are as follows. The band energy is denoted by E, (&'}, \Ilfin(gﬁ, 7') are
the multipoles of the two spin-projection wavefunction components (2.5), v, (gp, z') are the
central potential multipoles [11, £$(gp, z') and £ (gp, ') are the SO vector form factor
multipoles given by (2.8) and (4.2b) and the geometrical *A-~coefficients’ A; .(g., 2p, g5)
have been introduced and discussed in I. The wavefunction multipoles obey the Bloch
theorem in the [111] direction [1]:

W (gp, 2 + a*) = ¥ W (g, 2) (4.2¢)

where %' and a* are defined in (2.4). The Bloch theorem in the x’ and y' directions is
manifested in the multipole phase relations (3.1} and (3.2).

The single-variable wave equation set (4.2) is the central result of this work. It applies
to the [111] direction of cubic lattices through the particular A-coefficients, the [-sequence
and the g-sequence. In keeping with the paradigm of I, the band symmetry is specified
by specifying the I-sequence according to tables 2 and 3, and the pertaining ascending
g-sequence is selected from table I according to convergence considerations.

The first two terms in (4.2} are precisely the zero-s0 wavefunction of I, but with the
spin degeneracy explicitly manifested by having ¥ and ¥ " satisfy the same wave
equation. The rest of the terms in (4.2) are 50 terms. They are seen to be both diagonal
and non-diagonal in o and since the SO interaction is velocity dependent, all SO terms
have either an explicit ‘gp’-factor or a first-derivative operator ‘d/dz”. The complexity of
(4.2) in comparison with its zero-spin counterpart (the first two terms) underscores the well
known difficulty of incorporating SO interaction into band calculations. The structure of
(4.2), however, implies that in the present framework the extra effort amounts to essentially
Jjust doubling the multipole basis.

The o block structure of (4.2) for the [111] direction and a cubic lattice is given in
table 4. Part {g) of table 4 shows that for the Lé (Ag) bands the SO terms enter in one
diagonal block (I = 3m -1} and the off-diagonal blocks. By confrast, part (b) shows that for
the L:s (A4 5} bands only the diagonal blocks (! = 3m % 1) involve 50 terms. This structure
is understandable. Since the I = 3m block is associated with s waves (and higher even
I-waves) and the ! = 3m £ 1 blocks are associated with p waves (and higher odd I-waves),
it follows that the diagonal [ = 3m < 1 SO terms describe the p-wave 50 interaction, while
off-diagonal terms describe the SO s—p mixing. This particular structure motivates the SO
parameterization adopted in section 5.
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Table 4, The block structure of the wavefunctions (4.2) for the L (Ag) and LE; (A4,s) bands.
The corresponding o and /-sequences are indicated.

{2) LE {Ag) representations
o ==1 g =+1
Gm + 1) (3m)

G+ 1) ( g, )+ fP@r ) fFge ) +f“"(gp.z’))

o =+1

am PR G + ) vigp. 2)
&) ij (A4,5) representations
g=-1 =]
(Gm + 1) (Bm=-1)
(‘;_:_'__ll] vige. 20+ ¥ (gp, 2} 0 )
(‘;m: —+1I ) 0 vige, 2 + f P (gp, 2)

5. Band structure of PbSe in the 'L {[111])} direction

To demonstrate the implementation of (4.2) we calculate below the low bands of PbSe along
the T'-L line. This same example has been calculated and discussed in [ in the absence of
the 50 interaction. The goal here is to compare the results with SO to other pseudopotential
calculations. Al of the results were obtained using a2 PC 386/25 MHz with 4 Mb memory in
double precision. The latter is needed given the expected small band gap {2]. The secular
equation in a plane wave basis employed 15 plane waves per mulitipole [7].

The steps in setting up the calculation are as follows [1]. First establish which bands are
coupled by virtue of symmetry, then specify the phenomenological interaction and finally
select the multipole basis. As table 4 shows, the Lgh (Ag) and Lis {A45) bands decouple,
and hence are calculated separately. The central pseudopotential is taken from [13], asin L.
The sO parameterization, however, is not readily available: [12] and [13] incorporate the SO
interaction using different formalisms, with parameters not explicitly given. Therefore we
are led to adopt a parameterization compatible with (2.7) and based on a mix of atomic and
measured band structure data [12-15]. Thus for PbSe with two atoms in the unit cell, we
assume two local $0 form factors {ep(|? — Peul), Cse|” — Tsel} (7o at the origin and rse at
rse = (0, 0, a*/2) of the unit cell) with a normalized Gaussian radial dependence [7]. This
choice calls for four parameters: the two strengths and two ranges of the (Jr|) form factors.
For the ranges we take the atomic core radii r(Pb) = 1.45 A and r(Se) = 1.16 A. The form
factor strengths are parameterized in proportion to the atomic Pb and Se S0 strengths, with
a ratio of four [7,12,14,15]. The overall SO strengths are left as adjustable parameters,
which are fitted to particular measured band gaps. To accommodate the difference between
the s and p wave $0 strengths [16], and based on the block structure of table 4, we introduce
two dimensionless scale parameters Sp and Syp for the diagonal and off-diagonal blocks of
table 4, respectively. Thus the overall 50 strengths for Pb and Se are A(Pb), A(Se} where

(APb)) = ( Sfj’n) APY)  (ASe)) = ( Si"n) ) 5.0)

and A(Pb), A(Se) are atomic SO strengths chosen as A(Pb) = 0.56 eV and A(Se) = 0.14 eV
[71.
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The last step is choosing the multipole basis set, Recalling that the 50 interaction is the
non-scalar relativistic correction to the central pseudopotential (although it may substantially
alter specific bands) the natural choice is the set for which the central pseudopotential
calculations converge. For the Ly bands, table 5 in I and table 4 indicate that this set is
comprised of 12 multipoles, the six multipoles for the Lz, L} bands and the six muitipoles for
the L, L} bands, all admixed by the 50 interaction. Correspondingly, the Lf.s bands employ
the six multipoles for the L3, L7 bands [1]. Unfortunately, the largest set that can be handled
by our computer is eight muitipoles. Consequently, for the LF bands we choose (table 5 in
1, table 4) the following. For ¢ = —1 the multipoles are (I, g{n)) = (=2, g(2)), (1, g(2)),
(=2,2(3)), (1,2(3)) and for ¢ = 1 they are ({, g(n)) = (0, g(1)), (0, g(2)), (0, g(3)),
(3, 2(2)), where g(n), in ascending order, are listed in table 1. Correspondingly, the set for
the ij bands is (see table 4) {{. g(m)) = (=2, 2(2), (1, g(2)), (-2, g3, (1, g(3)) for
o = 1. However, this multipole basis has two drawbacks: as figure 1{(a) shows, it is nof
adequate for the lower half of the I'-L line as evidenced by the band crossings for K < 0.5
(2.4). Also, the calculated L-point band gap is considerably larger than the experimental
value, i.e., 0.53 eV versus 0.16 eV [2]. Notwithstanding these disadvantages, for the present
purpose of demonstrating the implementation and validity of (4.2) this set is appropriate.
In particular, the physically interesting band structure around the L point (K = 1) is well
within the convergence domain, and the effect of the large zero-50 band gap is expected
Just to be reflected in ‘large’ fitted SO strengths.

Table 5. The gualitative dependence of the relevant Lg: band energies {eV) near the band gap
in PbSe on the two 50 strength parameters, (5.1). The eight-multipole set discussed in section 5
that enters the calculation is as follows. For ¢ = — I the multipoles are (I, g(n}} = (=2, g(2)).
(1, g2)), (=2, g3} (1, g()) and for ¢ = 1 they are ¢/, g{nh) = (0, g1}, 0. 2@, O, 230}
(3, £2)} and g(r), in ascending order, are listed in table 1. fhe arrow indicates the band energy
movement with respect to the zero-50 bands. The band gap AE is between the two innermost

bands.

Snp, Sp
Band symmetry 0, 0 0,-20 0,20 £30,0 30,30 =30, =30
Lg @107 114t 1000 106+ 1001 1LT%
Le (L5) 94 94 9.4 93] 9.4 ¢ 93]
Ly (Ly) 8.9 89 89 8.8} 9114 8.8}
Ly (L3) 7.2 684 754 70| 751 6.54
AE(Lg ~LEy 05 05 05 05 0.3 0.5

Before presenting the full calculation, the qualitative SO features for the four relevant
Lﬁi bands around the band gap are demonstrated in table 5. Again, in the absence of SO
interaction these bands are depicted in figure 1(a) [1]. In the presence of the 80 interaction
consider first the limit of Syp = 0. As table 4 implies, only the p-wave blocks ({ =3m+1)
are modified. This is evident from the second and third columns of table 5: the outermost
two Li bands, which pertain to the p-like L3, L7 components, move, while the innermost
two Ly bands, which pertain to the s-like L;, L} components, do not. This /-assignment
is consistent with the known angular momentum content of these bands [17, table I'V].
Note that positive Sp leads to band clustering while negative Sp has the opposite effect.
In the other limit of Sp = 0, table 4 implies that only off-diagonal s—p mixing blocks do
not vanish. As the fourth column in table 5 shows, the band gap is reduced in this case
regardless of the sign of Syp. This result is plausible in view of the compatibility relations
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T-L BAND STRUCTURE OF PhSe
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E {eV)
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{a} () ()

Figure 1. Calculated band structures of PbSe along the ML direction. Band symmetries are
denoted in the notation of [10]. (a) The zero-50 band structure interaction. The (L, L’z) and
(L3, L3} bands are each calculated with their four-multipole basis discussed in section 5 [1,
table 5]. The K symbol is defined in (2.4). (5) The calculated band structure for X 2 0.5 with
50 strength parameters (5.1) Sp = —15, Syp = ~60. The multipole basis employed for the L§
bands is the eight-multipole basis discussed in section 5 and mentioned in the caption to table 5.
The Lf,s bands are calculated with the four multipoles discussed in section 5. (¢} The [11]} band
structure reproduced from [13].

discussion in section 3: the SO interaction admixes the (L3, L,) and the (L5, L)) bands.
Consequently, given the particular arrangement of the L3, L;, L), L, bands around the band
gap in figure 1(a) a level-repulsion argument implies that the innermost band gap is reduced
by the SO interaction. This qualitative trend is clearly demonstrated in figure 2(a) for the
particular case of Sp = Snp < 0.

When Snp, Sp # 0, the ‘correct’ signs of Sp, Syp are assessed by the following
consideration. For the Lf bands (table 4), which determine the band gap, the difference
between the diagonal ‘v’ terms (the ! = 3m block) and the ‘v+ f%’ terms (the [ = 3m £ 1
block) corresponds to the difference between the si/2 and pyj; SO potentials. Since for the
related semiconductor PbTe this difference is negative [16], it is expected that Sp < 0.
The Snp parameter is expected to have the same sign since the symmetries of (4.2), which
was derived assuming Snp = Sp, are preserved only when Sp and Snp, have the same
sign. Indeed, as the last two columns of table 5 show, taking Sp and Syp > O leads to
*clustering’ of all four bands, which is inconsistent with another band structure calculation
[13] {figure 1(c)). Therefore that the physical choice is Sp and Sy < O, in keeping with
the argument above. For this sign choice, figure 2(5) shows that a sufficiently strong 50
interaction reduces the band gap to the point of ‘band inversion’ and beyond. This effect
underlies the observed ‘inverted gaps’ in heavy-element narrow-gap semiconductors, such
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Figure 2. The dependence of the relevant L}f bands near the band gap on the so strength
parameters for 5p = Snp < 0: («¢) the four nearest bands; () the corresponding band gap AE.

as in the IV-VI system [2].

Figure 1(b) and 1(c) compares the calculated ten lowest bands for X > 0.5 and a
‘correct’ band structure. For the latter we take the calculation of Kohn et al [13] given that
other pseudopotential and ab initio calculations [12, 13, 16, 17] vield essentially identical
results near the band gap. The comparison for the relevant six bands near the band gap is
seen to be good. The fitted SO parameters Sp = —15, Syp = —60 approximately reproduce
three experimental band gaps at the L-point: the band gap E(L;) — E(LY) = 0.24 eV
and the gaps between the two adjacent L7 and Lg bands, which are 1.86 eV and 2.14 eV,
respectively. These band gaps are in good agreement with the calculations of Kohn et al
[13]. The fitted 30 strengths refiect the fact that the zero-sO band gap (0.53 eV [1]) is
larger than the experimental value by about a factor of four. The value of Sp is of the
correct magnitude since Sp/4 yields strengths A(Pb), A(Se) (5.1) comparable to atomic
50 splittings [14]). For K < 0.5, where the present zero-spin multipole set is inadequate
(see figure 1{a)), the calculated band structure is expected to give poor results since the
50 interaction—which is but a correction to the central potential—cannot compensate for
inadequacies in the central potential band description.

In summary, we have generalized a cylindrical coordinate method for local
pseudopotential band calculations to include spin degrees of freedom and the so
interaction. The ensuing set of coupled, one-dimensional wave equations is derived. Their
implementation is demonstrated for the test case of PbSe bandstructure in the [111] direction.
These results establish the usefulness of the generalized cylindrical multipole expansion
method with the following proviso: provided the chosen basis adequately describes the
central pseudopotential band structure in a portion of the Brillonin zone. The reverse is
alse true: whenever the chosen multipole basis inadequately describes the central potential
bandstructure, adding the SO correction is expected to produce unphysical results. Another
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attractive feature of the cylindrical representation is that it indentifies the band admixtures
which are induced by the SO interaction. In the particular case of PbSe (and the Pb salts),
the tendency toward band inversion for a sufficiently strong 50 interaction can be readily
understood.
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